


Complex Geometry
Main reference : O 'Well : Differential analysis on complex merfelds

Uhlenbeck - You : On the existence of Hermitian-Yong- Mills

connections in stable rector bundle.

Goal :

Set : &points in S2-SUbica Open cover

HJ Eid
Topological Manifold

&DU :)& R2
#U

Riemann = Smooth manifolds + metric FiiUg)
,

< EjlUinUj)maifolds
NJ

↓ Complex manifolds (dimM
= 2n) Eot is smooth

,

we saf
Kahler manifolds it's diffesmorphic

1
e.g. 4 = (z = x+Fy : x

. y
=17)

Y (f)=- 1

m
1 2=xxysiy - econ.

Kahler manifolds + ampeeandle I# & Kodaira

projective manifolds embedding M = S(X .y = y- x= 07 .
(zero locus of complex mufi)IEEE / **2 easy ?

polynomids

Notations : = D
. Eff = Oxf-FOgf def = cx+ saylf

II
= (12x - FGy()f

I
x+Fy

2 = Gadz , = Gzaz



d: (Y(X) > A
=

(x) d =2( +5) = 0x *xdx + GyQdy
T 1- form .

dz = dx+ dy .

dz = dx-Fidy KV : Coordinate : (E
.
Z

.

-- En)
1)

Edende/
volume :

=
Xi +5Yi

(Exercise) He
<

d= u + 5

-Smoothmanfolds :
X
=d.

BV
,

or ②

⑧ SUiSien # homeomorphic Ejoti" : EililUj)
IS

Wi EisFilVi) ERE differmaphic ↓

Ej (WiMUj)

Templexmanifolds : X

"

① EilU : ) <C"is an open
domain leg . Fi(U : ) =-B

-
@K"(

② EjE : EiSUiUj -> &jinUj) isbholomorphic .

F
Hodomorphic functions and holomorphic morphism, u+ Fz

(s) . -

M= 1 :
UCKF is an open

domain fe ('U .Dis called
. holomorphic of

it satisfies Canchy - Riemann connection&M=
Gif = (0x + 5 (y)(u+fv) S

= (ux -Vy) +m= (uy + Vx)
.

= 0
.

Let U
.

VIC" be open
domains

.
biholomopphic = bijetive

↓ +holomorphic
A map F : U -+ V is called a holomorphic morphism.

II
inverse is a holonaphic .

(f, (z) ..... fr (zs) if Afi(z) is a holomorphic function

for := 1
.

2
. ... a

z= (z
.

= En)



Def .

X is called a Complex manfeld of X is a smooth manifold and

it satisfies D Why hosonophic ? /T ?

e . g. F : a
=
- it E (21. zn)* Top st init*** The

EalD (E :
=

: En)
.

~
-eye > mesh

n =1
.

&C
,

0(0) = 9 f is a holomorphic function on US .

ar is smouth.

* zen
f(z)=d

U

Maximum principle :Max Ifizl is obtained at 2 of

-
Ag = w = webs

f(z) =2+ dy S=G
*WA

~InEpig 1

n= 2 18 . log(x-Y)

1
-zG =

g - z

For 132 : D
=D fe

polydisk ze = 1714

zD
, feO(D)1

(21. 22 ..
--

. Zn)

f(9) d3. --- denFubini" f(z) =-
1-

DD

Let g = A'(O) U
.

@K"
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0 (x

Find fecocus Sit

.bef
= g

solve/5-equation)"-Solvability depends on L

e.

g. if U = D
, Br1d@D ·

Then -equation
has a solution.

polydisk

Hartoy's principle :

z z"
IZ' and 12" 1

mm
Let non .= z = (Z- Z

. Z.
-- End :zadez"E 1

where Ock< n
.

e.

g.
n = 2

.
k= 1 then there exists FEO(D)

Il
221

Sit. Flu = f So -
+ /zi) = 1 = i=1 ..

- -

,n)
3

*

Alt A "·· -
z

,

curveSketch of the proof
:bortay ,

:39 = 15
..9) :El

Circle· F(z)=s

-Riemann extension theorem
:

Let U & &" be an open
domain. feULet Z &U be
asmother complex submanifold of U.

Assume Codim z2 (Codimp234) ,
Then :

C
/ (= nx 2)

↓ f-O(Ulz)
,

there IF-O(US

st F(viz = f
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Exercise /Reduce to the

Setting of Harty's principle (

Remark : ① n= 1
.

=

&,OCell-

Z

172
② n= 2

.

· E
, Coding (301) = 2

,
feO(0)sol)

↓

Another
way

to define a complex manifold

** 060

1 Real manifold+symmetry" (
e.g. (

=
= (z= x + Fy : x - y +R] JFi : (g) . > (Y )Il

(x . y
.
2
(i? J) D

linear
Fz. = =x + y transformsRtR
C-y- x)

(i)
(R ,
J) sit . Je GLz(l) and Joj = -1 = -Id

.

"

Exercise : J = AtoJo At
,

A GLzI) ⑪4
We can choose a coordinate sit. (IR2

,
5) & CR" , Jo

(A(q))



Complex manifold Recall :

· jois bildomoph.c

-finition: J : R2 < R2 is called a complex structure.

of It's a linear transform .

and 2

= Joj = -1= -Id.

R&= (X .. J 1. X ys :
=

. Xn
.Yn)

J : &:
> Ye. Ji < - Xi

zi = Xi+(yi . J(zz) = Jx +F(y = - (x+ yi)=:
J (E) = J(x: - Fyi) = Yi +Fx =F(x -Fy)= :

( z
..
E
,

Za
.

Ez :
"

.

En
.
En) < R@C (denoted as Ra(

[ E
.

z2
,

. . . Ena
= T"CRETFR = TTFRin

< E
,
Eri- En>= T

**

C
IS

IR In- 1

I = 50 .

7 s quit J : T10 > +10 v

j

us Fu u + x - FR .

(" = < Z
.

z2.. En >
y

= Th:



Let X be a zn-dimension smorth manifold
(Real)

co
An "almost" complex structure J : TX > TX AxeX

R = TX
linear

> TX Tax =TX @

differphism and J2= -1
T27X

-> -> #Ill "x
"Gz"

->-> 4 EX . Y] = 0
.

T 93-F3 :

↓
[X' , Y'y= 0 -

"Gz" 3-TaX]Smooth rector field T=
= 99 +=3 : - Txx)

.
2

Oh

[S1
.

32]eTx
-> T &" : < Ez

..
"Gin(

D ↑ ↑ [bzi . Gzj]
+,

"

&-
To necessary

condition.

#

0 .1

To
An almost complex J is called integrable if for ExX , for 3. .Th

[8
..52] eT& /or equivalently ·

9+T ,
19

..33 eTx
%

).
&) XeW .

e
E

, Ele
"

Z

= v

Frobenius theorem : Let EC TX be a distribution. Then for EXE X
.

= submanifold

x +zUEX s .

t. E = TZ
↓ 1

open neighborhood
of X

v

x U
.
F9.. Ex

·

[3..] E

Idea of proof

9.. :". Sp be generator of Ex and extend over



(Newlander - Nirenberg theorem &
creat analytic ( smooth.

LetJ be anxintegrable almost complex structure on X.

Then X is a complex manifold.

# *TOT
,

T TXp is a distribution

↓

4n-dim
T x W

. TXnUz
99p .

32
.

---- n
,

3
,
=9

.)
IW

99 -533
.

= T*
X = Tz

29
.. 52) ETOX Farbert
integrable T :0TZ

.

3.
.
.... En

< 9. -F 3 ...En> AT"

67. ... En) eze"

let&AEGE) De

Remark : In general case
.

1 = 5 + 0. 8 : T:

:
-> The

integrable JP + &14 =

-

↓ * [P. 9) .

Maner-Cartan equation.

~~
complex manifold is (x. 5) .

where X is a smooth manifold

J is integrable almost complex structure (which is called a complex structure

Examples : (1)
W

oriented

(2) x = 1
.
X is a 2-dim compact Smooth manifold.



=g = 1 "g = 2" ~

[i "g = k + N

RT

For E Ek = a complex structure
=>[p is a 1-dim complex

1Sn = 1
(Jost)

conformal structure
marifold.

e .

g

. homogeneous polynomial from of degree fate on

dim,=1
* f

...

=C
*

X
Sur nomomorhic I for Ke

Riemann surface- algebraic curve

·

E
(3) projective space et 50]

(2 ,. z2) (xz, xzz)

92 ...- -

gxzy+ z= 1)
for EX0 -K

Ref : Projective space CP" /
+ )Son/n

Cpta 9 dim= 2

projective space.

(z,.

- . -

. En) ~ (X Zg, .. XE,↳

I
for FX + 0 e C



DIP" has a homogeneous coordinate

[zr.

Z
.. -- En] = [ Xz, ... xzn] for Ex + 0

(zr
,
. . En) 50

.

U= = 9 (Zo .
- En] &Cp" : zi to is an

open set of Y
i= 0

.
1 ... Ne

SUo
.

U... Un ) is an open cover. On Oo
,

we have

j

Coordinate (Up - hi)=
Wi

100. Us
.

-- His
.

Ei
.
Hon

,

--- Un) en
-

tUi

Eij : (wr
.

u
,

"

, un)
· (

- (u
,nius) e U

,
v ↓

Uj
Li = E wi = Z

n= 1
,

Cp'. Ur
.

U.

↳
(1 :Zi u = c = U.

(4) In gr
Sf(x)=o ?

FER" i T
is a

(n-1- dimensional

submanifold. o = df(gf(x=0)

B



On CIP" :

Let fizs be homogeneous polynomial of degree &

i
. e. f(xz) = X9fizl OFXeC

zd zd+ 1

~ X

If f(z) = o
.

then fixz) = 0
.

Zero locus of fizs on ap

Xf = 3(z)ECp" : f(z) =o )
I

(20 , z. En) ~ (Xzo .

---

,

XEn)
-

Xf : is a smorth complex manifold of dim
,

(x) = n+

which is a submanifold in CP".

& Real In Smooth manifold X
,

is X is a complex manifold ?

#
X Conterexample :

= complex structure J on X

: & if n + 1
.

3. Then there exists no complex structure on gi

Open Question SPEJ ?

- complex manifold

---------

Vector bundle

Let X be a topological manifold isomorphic ⑪
A vector bundle of rank r

it: E -> X ↑
·-consists ofatopological mariflas E

for ExeX
.

Ex & &" where h is a field either 1. or I



and for FxeX
,
I an open set U

.
S.t .

"
(0) ~Uxk+

homeomorphic
Example :11) trivial ventor bundle

X =kr - X

(2 +XT - X i(0) = S(x . 3.: 3xX
. xU]

↑
n-dim = UXIR2
mufd.

131 Given rector bundle E then E
*

is a rector bundle

X X

(4) T
*

X : the dual of tangent rector Entjbundle ,
which is called the

Smooth
mufd cotangent bundle ↑E
↓

X 2U = X

X..

"= Xn) Coordinate of U.

TU = 28x...... Exe YR
dx= (2xj) = dij

Tu = <dx..
- -

. dxnY

etXbe a smooth manifold. Let it: I be a rector bundle.
X

A connection on E is J : AE) > ALE)
↓ ↓

and satisfies
Smooth section smooth I-form

- If . 9) = df0s + % . Js where f is a smooth fire
, SEATE)

T
xU.X local.

If cutoff function . Xs. gobal

trivial rector bundle E = Xx k*X

"
[0 .]]B F(s) = [0.

+] -↓ curvature .



Lea S
Maurer-Carton

- (X . J) integrable
: [5

.
57 To ·

=
for geto .

1
#)

equation
Vector bundles

↓
Thi

d = G + j
( j = 505 = 0 =P + pr % =

0

Connections

Curvature-

Hermitian manifolds
let X be a smooth manifold

Kahler manifolds
Pr > E rotation : A

°

(X
.
El=S Smooth sections on El

X (AYU . El)
T (x)pr

A Jr
, E) = Air) @ A"Y El

(orKY)
AR(r

.
El= AR(us @AYU . E)

(EPS178*)
E

- E ALEnd(El)
E

Connections. T = ACE) AlE)
. feA(U)

.

Seaso
. El

- (fs) = dfas + fas

Letsi Sul be a frame of EonU
,

x= U
.

S,x --- So basis of H(x)

Denote &I Sil = Aij@Sj ,

A = JAACECEl =Endl

ventor field one-form
A

° (x)T= d A'(x)*=GA'(X)
E

. g.. E = X + R A°E) = Esmooth functions on X & II

57") ↓
PLE) : X -E & = d a connection . I A

°

(X .
X + 1)

graph of a function E a complex

A (x .
E)A'(x

. El & . . . A" (X .
El> 0

.

n = dim(X

--

d
=

= 0 : =)
Do = 02 : Ax. E) -> A(x

. E)
.

i
. e

.

eU=X .
3

.YeT() ·

define cohomology

SeAu . x)

-18
.>1) =(38y-8(83) : - Jag

. y >
(9)

[s
. Tp2

Curvature of (E . J) : F (5) = 000 : AYE) -> AYE)

(Obstraction for AYE*Al AYE) = ...
Is AE) -o to be a complex

is the curvature F())
---------

Another may to interpret JE .
U

. FAD : by associated principle bundle of E



G. L (r .
IR) [ Dr Def . A principle bundle is in- &

Q
E Nwhich satisfies it" (6) &UX G. where G = GL(r. ).

homeomaphic ui V
j

② there exists a group action Gl
.) the action GbE

↑

Satisfies
#" (U : ) A UiXRY

- vinUj ↓ ij

associativity
it" (Uj) 1 UjxMR

in "(u) = G > Ux9xG x UinUj

&ij
: i "(x-> x

+
sX)

in "R

FaPaul
↓
X

④+ P + P
T

> TX
A connection on P is

defined
↓

x e a splitting : globallysmooth↓ O
&

TX
P

> TP

/

TL(p)
= X

#

g ->TpTX
=> TPETX g on U

.

TIOG Lie algebra of G persoft
denoted as aprop eng :P=Horizontal

3 P . FiE-

# Curvature on principle bundle (E
. PI
↓ connection .

For FS
.

9 = T(0)
·

(W T a small nbhd

-is
-Tn-Erylf-E [p191

.

P19s] - p(cs . 9]) = F19
.
9 :

A curvature ·

·
F:TX > &



P

Proposition : Let id be a principle bundle with connection &
X

Then Elp = o if and only if FX-X. I a small ubld xeUc X

forI closed path U CU : V : [0 . 1) -> U D j apprX
810 = U(x = x

its horizonted lifting Ps is a closed path

⑭ remark : Assume Fi =
PO ↓

red rig <:AP=
Then principle bundle & is determined by a representation of Th(X)

1) curvature F
P :

< S R2) representation of Th , IXI

(E)
↑

Let be a rector bundle. A bundle metric 4 = <
,

> on E

SE31M3(91 . 92)
.

X -

is in CO(X
.

SE*

) S

when restricted on a fiber it
"

(x).

4:(x)Xπ+
(x) - R is bilinear form. s. t

.

Br r
<S

.
S2] = S

.

S,

↓

(S
. Sc) S < S

.. S
,

> 30
,

"

= "If S = o

0 : On a rector burdleE givenI
O a connection -

② metric 4: 1
,

>

relation between J
,

<
,

> .?

Def A connectionJ is compatible with a metric 4 : 2 : if

for any load section S
.

Se Ismall nbld U
.

S
.. S - AYU

,El
& rector field 9.

< 1991 .
Sx + <91

. 89927 3() S
.

S
e >)

,

denoted
. 2x , - = <Tg , + c . 89]

Prop : Given a metric P = S
.

> on E
.

then there exists
->connectiona

that is compatie with P
.

Pf : Excuse



Motivation

xU UX(Ts = d)
& another connection on i by choosing a

coordinate
.

V
↓

standard. I differences. Jotd) = S
oth-order ;

no difference

1st-order : To
2nd-order : Fy

1st-order difference : stand case :

3. S .Yet be vector fields Usidg Y
=

Ogy , Jody E = Up-

Ao(TX)

Jg : T(U) < T(U) &stay-Usedy5 = (3 . 7
YgY is a vector field.

tortionof Tole . y
= sy-5p3-(3 . %3).=

(s8y-8ys)(9)-19 JJstd3Ysidy-Ostaysee) 191

Il normalization
-

To. 191 = 0.

519 . 4) 191

way isp
[side · Jsedy] = [Gg

. 0y] = (9
. 7)

os
n

~
Theorem : For metric g =>.> on It ,

there exists a

X

unique connection J
↳

Sit Ty = o

(called Levi-Civita connection (

If : Exercises



E
r

Complex vertor bundle . ↓

-

we can define connection

X

We can define a Hermitian metric h : EXE -> &

which satisfies that on each fiber it
"

(x).

h = i"(x) Xπ
"

(X) > can be written as

IS IS h(ZaiSi , ZbiSi)
↑

↳

Ch er

3 =his i(S1. Sa
,

--

.
Su)

rxn

and Chij) = H is positive defined. =

za:hij Ai . bi e K

=> his. 0
.

"

= "iff so
.

example : h : Ct x it- z = x + Fy
-

dzdz = (dx + Fdy)(dx - Fdy)
=+dydy) -

Fill↓

Euclidean metric

T
: °X

X

gla (E
.

h)
is a complex recor bundle with Hermitian metric h.

S

J
↓

(X complex manifold.

0 A- A -A -> o

TX(= T7T
%X ide :

&Ano-d = - + J

0 = "+ implies cohomology
j= 0

.

↓ ② 1"Cholomorphic) = 0
.

chern connection.

2 = y -Kahler
:

E : Ja

I



Let X be compact manifold , dim,(X) = n
, dim(x) = 2n

bef : A Vector bundle it : EXC is called a holomorphic rector bundle

if I a cover [Ui .Fili : Wi el

"(Vi)
biholomaphic

FilVi)x

=> E holomorphic frame [S..
.... Sr] on Vi

E-
>

Hermitian metrix h: ExE > K hij = hiSi
. Sgt. (hij) positive definite

X

(i ,
4)

X = Cus = Ex's,
de a

=> hiaps=hij isa #
B = ... his .

a) > o

"

= "Iff= 0

LetI be a connection on E
,

J is called "compatible with h"if

& (h(. pi) = h(x , p) + h( . xp)

Definition : A connection- on a Hermitian rector bundle (E .
hi (TX)y = T 10 +

01

y = y+ 70.
1

is called a Chern-connection of Gl
T is compatiblea with "h" ↓ if get"

, Je
**

= 0.

20
. 7

= J

18 eto" Yg" = 0

Prop : For Hermitian budleE ,
E ! Chere-connection J' associated

with (E ,
h/

a + 5

(

Sketch of proof : Choose a holomorphic frame [S..
--

. Sr)
,

%" = d+ A

#)%" = =E(A)" = 0 &(c: Sj)) = (dahisiSj))" = (hSi . Sj) + h(Si.S
;))"

= h(xSi . Sj) + h(Si + 0=Sj) /(2)"s: = (A" in
& a

his
. Sj)

= (Ahasm . Syl Sjl &EToA Se

(A10)her(higwahnsigg
=h schij
(%

"

= hish El

(E .
h) : Chern connection ja = (79)" + (79

:1

= 2 + h + ch + 5

= d + high .



A special case &" > TX is a holomorphic vector bundle.

↓ rank(T" x) = n.

X

(j)
* dz ode = (dxx(x + dydy) + =(dyadx - axdi)

Il
JdxQJdx

- 25dx1dy = - dz1dE

(x , y) Euclidean metric Symplectic form
on IR2

x

Let h be a Hermitian metric on T"
*

X

Let 3y'e TX be real recor field ,
9-555 : 7

:
FJy' +"

*

X

I

h(3 . y) = Re(his,y1) + F1m (b1s
, %1)

3 "
Define &(S : y')= ReCh19

, 1) is a Riemann metric on X

Define 201sy's = - E Im h18 ,y) be a 2-form

By definition
, g19 :y

= WCS: Jy' g(59 : 5 y = g19 : 7
=> gi

815 .7)
eg

w =

-2dx1dy
= dxndy = dx1(5dx)

2 - dy

Il

g = I (dx@dx + dydy) , g( , 5 . ) = z(dxxJdx + dyJdy)
= (d+jdx - JdxQdx)

= dx1Jdx

For TX h)
h= zg-2wG115) =

g(... ) defined on TX
X

T "Y = (TX)k hi > y c -> defined on TX 791 y

g > ya
hi s

. y

A complex manifold X is called a Kahler manifold of a Hermitian metric

h on To X st J: gl
,

then & is called a Kahler metric

I

29 - 25w I w is --- Kahlen form 1.



Proposition : The following statements are equivalent :

(1) g is a Kahler metric 15 :1)

(2) J↳y = 0

..
n

13) W is d-closed.

(4) For any XEX
,

E small ubhd Brix,

gij = Gij + 0(nz)
we can pick a holomorphic coordinate

st . w=+Ord
(5) For FxeX

.

Ea small ubld U St.
on U

.

c = Fr54 , yeCO(U .
R)

unitary

P : "(1) = (2)" J C =7 choose aMolomorphic frame JS..... Sub sit.

La hig = constant.

- n = 0
.

0 =7 h = 7 (2g - 25c)
↓

= 0-2549(5% /

=

- 25 g(y45 ... )

= D -7430
·

(2) 111" Let 3 TX ,
9 = 9 + #59 · y

= y -F5y' = T
*

x

(a) ((y = j)(8) = [y ·
j5) - j(79)

Lie derivative
. torsio(53) - Jay - 51 3 +2)

-
F ↓

Jas 51 y + 55337)
&gi +Fly

(b) By the same computation(replace y" by d) we get

- jo(2
p

.

5)(3) = Egy T0 . 1-33

=> Egy = Sy +J =-F = S(y-Fyl
- F9

.

II

sc Day
(E)

(2)=>(3) Lemma . Let 5.. %
.
E

s
vector fields in TX

,

commute with each other

then (a) dw(5..
3

.9) = <Da 59 .Esg
leg .

[Si . Ej] =0

+ <D32575s
.

5
. 3 g + <195) 3

. 92 g



(b) 2 <Ds . 5) 92
. 33g

= dw(5·3 . 93) - dc19
·

592
. JSs)

↑ Exercise

Koszul formula for >"

(4) =>(3) dw(x =d) zidj) + him Oc = 0

Y

1) = (4) dw = 0
,

let /z..
.... En) be local. holo coordinate near

8z -
-- Ezn -

X =0

wijt Zarij = + [brjEn + O(Eit) daindIg-

dw= Akij = dikj
=

&kij 1: w = W (
&

choose new coordinate Ep= 20+ trij wiwj Cjki =

-Akiy

W =z(6j + o (mit) do now

Su . .

.
. .

.Wh Coordinate.

(517(3) dw = /, 254) ↑Il Yo = = 0

(2 + j)
wi

= 0

Y Fay
-4 +y

(3) =3 (5)
.

dw =o. =I one form y
s . t

. dy
= w

-

M

locally near

We
Hormander's

Ey = yo where Jly""= -

L-estimate

- 74 .

I

Fif9. Kahler St g(J .
[S =

g >) &

Comments : (x2J) Complex manifold (X2g) Riemann manifold rosed.

Wh
.

j
-
) Key g = w)

-
,

j
-)

is Riemann
-

metric #& wI Symplectic form

symplectic manifold.



e .g. ( #" is Kahler manifold homogeneous coordinate [Eo
.

.... En]

Fubini-Study metric (form) Ui = 9 zito ?

On Ui
, Was =Elog(-
kohler metrie

.

1) I complex submanifold XI" .
X is Kablew

.
W = Wisly

(3) NOT E complex mufd is Kahler

Sxsh'(S'xS.R) = 1Hopf surfacediffernophism E

complex manifold. odd-

Kahler X
.

h'(X ,21 = 0 (2): It's not Kahler
. rfd.

Y
even

Sheaf theory Category :t which consists of

objects := Obj(t)- a set
1) Category I morphisms : (f : c <d) - Mor(e)

1/
a set

121 sheaf on topological space. -

(3) structure sheaf of complex manifold example :

VCR . n) : n-dim rector space/

(1) as a set (2) .
VER)

Actorbetween categorya
Obj(e) , F(acoby I (2) (VCR .

n)
, feGL/R))

.

f : V -v

- (8)
Mor (4

.
(2) = SfeGb(n . R)

. f(03 = fions]
c

f
, d - Mor(e)

Denote I as aIsmall #(d) Ff F(d) Mor (8)
13) Top =& topological space continuous maps 3

category (which says
the im Ab : (Abelian groups, group morphisms)

role of index) limit of F : -C is an Rings / Rags wg -

him (F) R-modules " -

Consider functor object Sit
.

Fcolimit of F is an object . Colim (F) - objce)
to lim (F(

FIDNo



example (1) Limit (inverse limit)
,

I = (N ..Sco ER

GiER ,
a convergent series b=i&i

,
Can

then b is the limit of Sta: 7 F- 2

Za: · n 1 In

(2) colimit /direct limit) 1=10x00000 ... )
⑧

C2 Gz

2 = S open subsets of atopological space X
.

U
.n 7

F : > 2 . Wi = #(e)
,

EN

colim (FL

H
union of Ui= Vi).

Def A functor F : &D is called right-exact if it preserves finite limits.

left-exact colimits

i . e. Filime: ) = lim F(ei)

# (colim (i) = colimF(ei)

Functor
.

F : 2 -> * G : 0 - C.

Hom-set adjunction F is left adjoint to G denoted as : F - G
19 --

- night ..... - F)

Hom (F(c) . d) 1 Home (c . God

Pup : Consider functors F : C , :D : G assume F + G

Then F is right exact .
G is left exact

chart. R

-OLet X be a topological space. ........... X

2 be a category (Sets .
Ab

,

R-mods
, Rugs). fu C

*
(U

. R)

A presheet of C on X : F is given by : unU : fu = fu

(1) E open subset UEX
.

F : U -> 2 => global function
j

f =(ful
(2)f vcU r : V-U . For = F.

↓ ↓

2 2
we Vau

Better -121' & VCU
.

define U : Fr > Fr
,

and it satisfies
rFu = ror Fu

Ex (1) example of presheet

Let X be atopological space .

Let U
.
V be

open subsets of X.

j stU + X
.

V=X. VoV = X

↓H
..

Ut
. Fo = [se2(n2004

IIIIIII
V, Fr = Escecuie 10c014

v For WeU
.

or We v . F(W= secon(01) . F : XR

for W & U
.

and WAV F(W) = 0. Then We have a presheet



S
1 = 9

, cF(u)

1 = SzEF(v) ///II) unu

Ws) = Nov 152)
present

Now(s) = Mus = 1

* ? not work for or r But UOV U : 8. Thighs

SeFror St
. (No

( = S
, kv

rYvV , s) = Sz

-
A sheaf F on X is a pre-sheet and satisfies for my open set U and a cover sUi

of U
↓ a collection SitFur and

Silving Silvinug
then there exists 5-F(U) St

Slu
:

: Si

Sheafification
Let F be a presheaf on X . let UE X an open

subset

~ Fur

Ho
. F) = SIS:- T Suil is a cover of 0

on U:DUj .

Si is locally compatible with Sp 7.

Silving Silvinuj
sheafification of F : #

## = colim HCU
· F) is a sheef Bef din

E

Remark : Category : Shy Presby i : forgetful functor

#Jadjeht each other(

Sheaf . F : Open-> & Abelian
group

.
R-modula

116 tenson - Hom ↑ 9

& (2) direct image ,

inverse image it:- Y
(3) Kernel

,
cokernel.



# bilinear

⑯
I =

A
.

B be &-modules #

*RB as a colimitA
rig
-

A
.

B. C
.

R-modules

Homp(A * 2B , c) 2Homp(A , Homp(B, (1)

&
R

Y Homp I -> tensor. hom
. adjunction

For sheaves F
.

G
.

H .

on X of R-modules

FQG . Homy(F .
Gl

Homx (FOG
. H) = Homy (F . Hom



direct image. inverse image ,
direct image TtF sheef on Y

F : sheaf on X Hope set VEY
I

9 : sheaf on Y # F(v) = F(π
+ V)

Th : X -> Y continuous map
~

Theuse image : TEG
, sheefax

"Idot image ,

inverse image
- adjunction

↓ open subset UGX

1
Homy(F . G) = Homy (F ,

**G)

#
* G(0) = folimGars)

# 1 / +** /
TU/EV

open I
presheet

-G
= Ab

Ex .I: pth TxF =Eglobal sections of F1
= T(F)

#
*G : a constant sheaf

↓

(2) Ex : S4t) > X

Ex (pt) = X

denoted as

Stalk* F = (colim Fiv)*: stalk of Fat2

Fx
factor open

exx (G)m = 9
xcV = Ab

- XV = 0

"Skyscraper functor"

Let F
. G be sheaves of Ab on X

sheaf morphism F : F - G

-_kee
(kersfilx= Kerif direct limit commutes with

finite limit and Kokersfi)x= cokeriful. White limit
.



Con : Given F : F + G
.

Then f is isomorphism iff fx : Ex+ Ex

is isomorphism for Xe X
&

Prof (ide) Kercf) =o

> (Ken(filx = 0 fxeX

kerifx = 0
.

-

Let X be a complex manifold

Sheaf Ox is called the structure sheaf on X.

#open set UEX
. Ox(0) = If is a holomorphic fo on US

Proposition : For #XeX > complex manifold Ox
.
x

is Noetherian local
ring-

=> Et:: An anlytic subset Y of X is locally : ·DZilfi) : Noetheiaa

Def Analytic subset of U&K" is the intersection of Zero locus of holo function

= Zilfil"

Let X be complex manifold

Sheaf : F : Open > Category : Abelian
group (orwy↓

functor

# opts structure sheef Cholomorphic function)

ExeX
. Oxx is Northerian localing



Sketch of pf : Denote Oxx * OB= dimension

n= 2

o = f c Ox(u) defied -> multiplicity at o

221
Find roots of f(z . zn) = b

, (z) --- baszl

·
TKz) = Ebizit I To= ) & Gef 12 , 192)

d
↓ 122) = E f(z . 32)

holomorphic

=> h = (2- b
, 1 zi) ... (z2-ba1)

↑

Ox(u) = zebrbd) zad +.. + bid
T

f = uh Of U is a unit in 0x10]

Weiestress polynomial

Given fo as above fuh

for #geOx(0) · g = v . h + + => deger) < d
.

reOn
+[Ez]

degchi = d

To show On is Noetherian by dimension induction

n = 0 ~ Assume holds for n-1
·

For Off On fouh d

FgeOn g = vh + r
, reOnt[En]

=> EgeOn = gE@ch . zn] -> Northerian

↓
Noetherian

(X . Oxt>
structure sheef↓

topological space



F is a sheef of Abelian group
on X 0 > A - B of Abelian

hasenough injective objects -E
groups

=> I an injective resolution

O- F -1 - 1 + 12 - ...

exact seq of sheaves
, I injective

(0 + Fx - 1x - 2x = ... )

global section functor : I

0 - 56%
do

.Pl disNC
dr

. ...

diodiy = 0
.

-1

1. sheaf cohomology : H
*XP) = Keride/midia)

R
. C ↑-articular, F = R

· locally constant sheef with conficient R

m= dimp*
T
-

0 cr -At A ... -o

↑

U
↓ = de Rham complexsmooth fractions

0-PAY &TIA) E ... TAs)= -

2. de Rham cohomology H(X . M) = Kerld ymidia)
.

(Topological information)

X complex manifold d = 6 + 5

(1 , 0) 10 . 1)

Let APA sheet of smouth spoqforms . (ABA
R sheaf of holomorphic p-forms

n = dim,

0 ·RA .A.
...

E
,AR ,

↑
Dolbeaut complex



O > TIABETA) Ei
s ... -> /AX) Eno

3. Dolbeault cohomology H
*
(X&*) = KeriFil/Imci

lanalytic information)
finite cover

--

Let U= S Vilies be an open cover of X
,

st.UptURM. m=dim()

Sheaf F =R , Am
.

(U
.R) = TRU "21

Tech complex : 0 CU% C'(U
.
R -ECMU-0

~ eR(Va .
... 4) , Gisoap t

*

Tag...Ye Spt

4. Each cohomology · H(XR) = Ker(i)/Imi

tridnorm
SHi

Acyclic resolution of F
.

-F -***Ad ,A drAd,.

exact sequence. , Hi(X
. A* = 0 for is o

Lemma : A sheef is called a fine sheaf if it

admits a partition of unity

SacA(Val partition of unity fatc) [fa = 1

SuppUa
S = EkSa

- A& 1930) is a fine sheaf

R. Is not file.



Lemma For an acyclic resolution of F.

o - t==++y +...+k)))(X) = HiX
- m

induces
-> H

: (X
,Al -

Hi(X
,b) = Hi(X

. F) for 230
Sketch of proof

·
hypercohomology : Ch= 20-9

& ↓ ↓

p+q= k 21.
1

↓

D = ((42 + d = D - D = 0·
-> check+

... & ↓ ! X ↓ ↓ ↓

H" (e
.
D) = Ker(D")/Im(D"( 0 -> T(12) +P(12+T(121) ->T()

H"(F
.
d) = Hi(CiD) - HiCF

,d)

-usiythe double complex with a similar idea
,

we can also show what

Hh(x as
TARx

HHXHX ↓
di= o

Aa"a"r

H(X)H( He (. RP)
.

TAX) d= A locally (
2 -A5 -Alz ...

+ a + 5 ↓ =

(A) A
+

clue :

guess : Hodge decomposition for compat Kather manifold.

Hi(X
.
4) I HX.MP (globallya

↓

NOT true for general complex manifolds



⑳ Hopf surface = Six 93
-

↓ ② Hix
it
x

-

--
Har(X .

() = :

.
even

odd
.

-

Hodge decomposition :

⑦ Harmonic forms X : smooth compact manifold , dimpX = m
. g :

Riemann metric

on X

BEAR(X) .

Smooth Reform or X

* Ale , Amt which satisfies
) = BySo

* =X
. dxx

,

.... dym . (dx1 - -dxx)1x(dxy1 - 1dxx) = dx,
1 .

- - 1dym

I

&xy1 - 1dXm

* Al-Ab
,

(x51 = fekimb(x)
,

defined*
= +(

*
X

- 1
d

Il

(+ )k(m- 2) Ak-> Ak-

Lemma ce Ak BeAk
=> S

,

<
. Pgvoly = [x .

d+

>vol Al A"BA
--

AAA Ad = d* d + dd*: Ak - A
Im (Ak -> Ak+)

A #A"/ImIA"Y
+ a

. p = Ak(X) ① Im (A*")
.

↑ And . P
, volg = ( <da

, dpx + c+2. d+

voly = 97 . AoB, volg

Def Ab(x) = 9aA"m) .
And =o Ab(x)

↓
harmonic k-form



Lemma : Ax = & (AR() @d* (AR+(X)) "
(x) + open

-

Gor : For
any
R. H(X . 1) = AR(X)

Ed : A"-> Al
& finite dimensional. R-rector space .

XeX
,

normal coordinate ↑
# &~- symbol elliptic operator (W elliptic operator isetholm)

·

S
i . e. Ker (Ad) is finite dim

complex case AP9 +
(x) EAPt(x)EAP+ (x)/(p1x mufdX Im(Ad) is closed,

-

↓ Hermitian metric h codim is finite.

Define *: AP9 > Al-P . n-7 which satisfies
I

T
&, Be AP-7

& n(q) = (9 . B)yvoly -

IReCh1 = g
(n . n).

(x)" = 71m *, its

easy
to see

& k
. Pnvolg = Cyan()

5 : AP-9
-> AP - q +1

5
*

=
- x2

- -* = -x5 *

(19 , BinVolg=Sca.
*

volg

=> Define Af : APf(x - API)
. ((Aza .Pin =S 1 d

. As th
Il

55
*

+ 545

HP .9(x) = Ker(Aj) is finite dim D-vector space.

↓
Harmonic (p-q) form.

Pop: H
%

(x .2) =P.9(X)

"Wanted"

Hodge decomposition 2x) -O PAx

↓
X is Kahlen



Let x be compact complex manifold

k
Har(X . R) = Ih & Harmonic forms 15 c . Bly = (2 .

5
*

BIn
H(X .

24 = M
+9(X) Il

H - #)Sn ,
a) Ea *- = an +5 = ( ,

- *** P)
S -

- *

u = - x w * ( * +*) = AzS = 0

+ (1
, 035)

at = - x *

Duality real smoothcpt.

Poincare + (1) HR(X*R)* Hah(X . R)
*

where m = dimex
duality
Sarre--(2) He(X .

M = Hi(X,*** m = dimpX
duality

of of Rs
.

Hil(X . MP) = &P- &
, X) Define : HP.9(x)

A(x.(f"P
,

n -

9(x) ↓

(n
-4 .

n - 9
, x)

#j +5 = XAz = * Ej = 0
.

S- Es

Hodge decomposition L
Let X be a smouth compact

ockean Hixig *p
Kahlen mufd

Xahler form : 201
,

< =

g55 .

#
dw = o

=> closed 2-form

nondegenerate w (9
,
59) 50 iff 3 70

loudly xeU
.

w= /zind) + OcrY
21 . 1) -form
[c] -> H'X

. Mil direct d *
w =0

X
E It"(X

, 4) computation 54 w = 0

2 +
w = 0

=> W is harmonic (1 .
1) - form



Def : We define the operators :

(1) LAP9(x) -> AP+, 2+1(x)i

2 - w19
~

Remark : 1 : HPA (X) > pyP+ 1
.

9+
(x)

d(wn() = dw1x+ w1d9 = 0.

(2) 1 : Apf(x) - AP+, 9 -

1(x)

for 25 AP. &(x)
.

BeAP .-1(x)

(10 , pa = 19 . (Bla

Prop (Hodge identity)
[1

. =] = -Fa
*
= [h * ] = - Fa

(2) [1
.

2) = F =
* = (4 , [2 , 67] = F

Pf : The statement is of local nature ,
we can pick XeX ,

and pick a holomorphic
coordinate X=oU &"

.

In particular
,

we can choose the coordinate Sit

w=dz + Ort

At x = 0
,

<eP9
,

La= dinin
11) = 22(12) 11(2) 19

Il

i Li

By duality (1) => (3) ([1 , 234
. B)n=F)= *

2 , 9)a
(2) =) (4) I

129- 219 (9, 69)h
Il

169 . (B(u - (a .
2

*

B)n
= 19 . 2

*

LP - 22
*

B)h = k . Fop)h

ByConjugation
(K = (2)

["*,B

[5] = [1
.
2]

-

-F2*
= F5 * · (1)



Reduce to
prove 111

[di
of =ED

E > Sibel
Kin

reducedes [1
,[d]

= - Fo= F*

= Fx(,di

reduced to (1 , d]= Fix (d) *

*
" [n

,d] x" = FdEy
#

* (1 ,dj]x = X(x+ * odz1 - dzyox" (*) x P ??

** L * = -d &x= dzy
= L AE * - * di * L

I

I
II ·& Contains dz1 ? 26(5z1) 2((2z1)

Cor : Id = &* d + dd* Ker(id) = H
#==* + j *

Ker (Az)H
Aj = 0

+
a + 2

(l Ad = 22

Aj =
- =(91 . 25 + =(n

, 2))
== F(1-215 +na-Grn)

52 -

05

=

- F(( - 15 +51)2 + 2)- 15 +51))
Il

I
& *

- [1 , 5] - [1
,
]

d = 2 + J

#d = (a+)
*

(2+ 5) + (6 +j)(+z)
*

Y
u

*

5 + ju
*

= 0

-
*

+ j
*

- Est
=

2
*

2 + 5 * 5 + 62
*

+ 55
*

Cor : We have Hodge decomposition HRMP
I surjective

> A49(x)pf :2
injective P-q= k ↑*** (T")* (07)

T

= Spq = Ans =I = 0

= At Spq =o = Spige 10
. 7



# Sept = AnSergs = o =Selec
#Schi

, fil=Spq , fixo => Spq =o

Corollary : AX .

P = Hp(X .2
IS 9)

Of : HP.91 H9 . P

(p7 =

> A9P(x)
S -5

0 = AjS = Ads = Ans = As =o se Hap A

eg. H
*

(X .
2

*

)
=

H
*

(x
,

2")

n= 2. Ho
.

0

Infuzf3(-f().

sam
H2 . 2

Kahlen => H'(X , 1) is of even dimension

It'(X
.
4) odd dim => X is not Kahlen

Lefschetz decomposition

L: A&- > Alt Define Vic = Akin - n = k = n

1 : Aka -> Al V= VkL.
1: V - V

-nkEn

[L . 1]() = 2kS H : V - V

&= Vk CeVe > Hic = ka

[L
. 1) = 2H L

,
H,

I [H , 2) = 2)
Y 1 jo

+Sl( . 4)

(H
, 1] =21

18)% :i

=> sl(2() representation on V.

Lefschatz decomposition-> Hodge index theorem



Kahlen mufd (X .
cok/ positive (1 . 1) - form

f

"Quantize a Kahler manifeld by "positive linebundle""Muta
-

① t I"
defund by

polynomial

sectiono a
x

-..

..
bundle-

X : Kahler manifold

A line bundle I'- is a holomorphic vector bundle ofwank 1
.

( - E

- = y1 . 0

+ 30 .
1

*
*Herrmnotebata

=

(6 + h
+ -h) + = F(h) = Joy = (d+ h+ch)(d + hish)

local holomophic frame = d(n2h) + Chish) 1/h+ 2h)

I

2(h" ah) + (h -h)

-Hahnhiah

rank 1 case : L frame S = (n"wh)

h is a function his
. S1) =ha Ses

h+ oh = 2 logh

F(h) = =blogh = - 25 logh .

In partialar .
anti-canonical line bundle : -Kx = "Tlox is line bundle.

metric on
- Kx is determinant

↓ (5 . 13ct1En
.

5
, 152

,

1 ... 154) = (35) 1 ... n(5n15n)

y = BB
. happ

= /detiss)
"

h(5 , 5) [S1 .
-". Sul

-
Use local holomorphic normel frame of T"

*

X. W = Gij) zijen



(X , w)

&
metric on Tloym metric hon-kx

E= &iSi C2.
CsiMASn

-

4651191 ... 151
. Set de d

= det/ 191 KR ... Kel

F(h
-1) =

- Gdet(gj)

Ric(ul= F (h-ky) = - F 2 det (gij)

Ric (g) = 2RicScl

remark : Kahler-Einstein metric : Ric(cl = X: W

-

A line bundle Lon X is called "positive line bundle"
1

of of admits a Hermitian
a

metric houh sit.

# E(h) is a positive 31 .
1) - form .

If a complex mufd X admits a positive line bundle

then X is Kahler.

Take w = FF(h)

=> w is d-closed
.

H'sx
. @x

* ) = line bundles)
F ↳ nowhere vanished holomorphic functionsHo(x

.

m*/0x* is 9 divisors)

&



positive line bundle (*K ,
So

.
-- So H* X

, <
@k
)

X ->
N

4 -> defied by
* -> [Socx

.

-

-.. Sicx)] polynomials.

Line bundle

k-

2
holo rector bundle of rhill = 1

*

a complex , opt . Mafd.
Denote Ox : sheef of

L> transition maps nodo fine,Sphape ! ** nowhere vanished

UcIkh holo functionsrkta veno ( " I
.
e

. UcX.

ofl = k O(u) = Sfe0
,

10) :

↓
a holomorphic function on UalUp and Eaptoi

f(x+ 0
. +x = 0)

=> from the views of transition maps .

Une bundle ( SaphaBez EH(X .O

Rop . Gline bundles on X& Hip (X
. Ox

*

)
↓

group structure -
isomorphism of

("o" = Ox 1 "t""-")

line bundles 1
.

It
Abelian group

-

1) LV = Hom (L ,
Ox) denoted by - L

: Dor (
*+4)

(2) (QH , denoted as L+ H

IS

HQh .



Consider the exact sequence of sheaves

or 0
.

o +z -> 0, exp(ii)0 > 0

induces long exact sequence of cohomology

0 -> H°(x , 2) + Hi(x . 0x) > H (x
.
0x)0 > H'(x

. 4)

x
~HX .Ox ->HHX .2)-hX . O

Ch

S ↓ ↓S
[1 .

11 formTech wholomogy -G Cr) > Har(X .R) - Hal (X
. Ox)FChi

+

7Reall (L . h) : F(h) = -blogh e Har(X . R)

projection to

HEh(X , 1)
~

H (XR) Hr(X , R)k
(0 . 2)

R↑ - 2. from d-closed

- ↓ -

HEn(X .z) (2 . 0)(1.k (0. 2)

Hae( . 0x) : oA ...

notation : & .
FChc = -blogh H"(X

,
R)

[F(h)] = : C
,
(2)

,

1st cher class

Chern-Weil form JCharacter
itas(

&p
: 1) H'(X . Ox

*

) G HX
& ↑

~

Hex.



Prof .
Le H'(X ,

Ox* )

#

Seaplapez
-

constant on VanUpe Up
H

.27 (E)aBu = logEap + logEgu + logEva
& JOE) s Bu

=

dlogEap + dingEpr + dlogE-

& /diogElagO = (diogE)ap + (dlogz)BU + (loga
=> de is compatible on Vapo

Was ESalaey is outhonome frame

?? Vapt h= zag ap

"Eas

Idlegz)ap = (logzlap =

(log(E
#Dap=R loghlaph

Recall :2Ch1 = high + 2 + 5 Chern connection

#

& Chtoh((h))= faction) + hiahdhich/a
.

I

2 + J

(5 F(h) = d)Ghohlap = logtop = 0

B Il

& ch+ sh) diogEas

Echs)
,

is compatible on Vap > EChl is global defined

A



RmIm (6) = Ker(ix)
Neron-Sever , group

(2) H'(x
. Ox*/H(x

. Ox)

& H2(x . z)& H'(X . R)

&
↑ linebundielinear equivlence.

On the other hands: My = sheef of meromorphic functions

Ox
*

& my = sheaf of meromaphic functions.
non-vanished

exact

=> mi -m/0 - 0

=> long exact
seq

... > Ho(x
,
m2) < H

·

(x
.my(x)" - H'(x

. 0x)

=
falga ,

Ja
. ga are holo function (tOxa)

Shala
-S 5divisorsa

hahaea Sho-Sha =ol

e. g-
divison :

denoted by Does
↓ zero locs

Line bundle Ox(D) H'(x. Ox(

II

Saphabet

= Op
Rmk: When X is projective , Ho (x

.MYO/Aix
.

mil H(x .Ox

i
. e. f line bundle (on X

can be represented by a divisors

7



Recall : & is "positive" ofEh se FFCh) >

ihm Let X be a cpt Kahler mufd ,

(L .
h) is positive ;

thenE positive integer
m

.
Sit

.

= sections So
.

-..So eH(X . mL)
I

that gives an embedding: X f Dr m
↓

* > [Solx
,

- ". SN(x)]

idea of proof ( So(x)
,

---

.
Si(x)

** (S07

If "f" is well-defied. then XpeX .

ESie H
°

<X
.mL)

S. C. Sis = o

direct

(
x

= p -

X( = 0- mp - 0x + Ox/mp-
image
(x:- Ox

/Skyscraper sheaf
(p =

(k) = 0x/mp
denote : Mp = SfeQ PeU . feOp(U) .

typ = )i

In - &Ox

0-> mp - 0x + 0x/mp- 0

Q mL

O +Memp -> +mLx0x/mp -> O

surjective Sis
#0

Ho(X .m4H
°

(X
. m(x8x/mp) > H'(x

. mOMp (
-

· Liheaf, as e

bundle

↑
To show thatf is well-defied ,

it suffices H(X .m(xmp) =
0



2 ways
: 9

(1) vanishing theorem of multiplier
ideal sheaf

R1 Blow up
construction :

transformrLempoline bundle ?

X Fo DV well-defined

f is embedde &(1)
f in injective

(2) fx is injective on TpX for
any peX

4) f injective. #PF9EX
.

ESCHO(X
,m2) se Scp-siq)

momy oemponq-Ox- > Ox/mpong- 0

4) (X
.
mL) Surjective Hox

, mLxOx/mponq
*
Co

X, mempong
to

-peX . Kotanpet bundle at p) = Mp/Mp
0 + mp = 0x -> Ox/mp+01

1st order terms

dzy ,

dzn
.

---

.

dan

rective.

sury
Ho(x

, mL) > Ho(X
, 200x/m2) <Hisx

. mL@Mpl
↑

Y

"Nadel" ~

12) Kodaina Vanishing theorem
o



① Blow up construction :

x

peX . Y =

BlpX E
i . Ye choose peU & Kh

blow up"-S
X ↑ = &((ze .

za : -

- Zut
,

[ .
ha ..... un)) e Expe

Co
.

. . .

. 6) = JU .. U2 . . . Un) ~ (XU , : = X Un)

Zij = zjkii

↓&
zobelzoh

*+ x = k SisRE- ·

D

y= v v(x)) line bundle

E
Y

ERI

⑪ : Y
E : = ((0.....

,
C. .] Ph

X

holonaphic -
It: YLE

↓ biholomorphic

*Spl

⑰
E (2) Sol total space ofOl L

↓

Klph-1
Es open nbhd of E

*
P

*cmL) -> mL

↓ ↓
Ho (x . m() = Ho <Y.* (m())

Y X

spositive) line budle.

H%.ML) @O-stE) -> HOCY.*/4) HOLE,mile)-surjective

(
IS IS !

IS

HN
.memp) + H (xmc) > > Ho(x

. m(0x/mp)



↓ Tmp = [fex1Uc : flech
.

Ho /Y .

i
*(MI) - 1) & OyS-E) = line bundle.

live bundle.

XolaineVanishing Thm) Let X opt Kahler mufd
②

Let L positive line bundle
.Then(x. x *L) = 0

for F91 .

↓

H'(X
. kx* L)=o

Blow
up, It

I
↑ *

(m)) - E -

ky + ky
X

k
y =

*

xx + m -1)(m)-kx) - nt + xY

positive when m is
very large.

-
Rodaira embedding : opt .

Kahler mufdX . positive line bundle L
.

E positive integer
Appl

m S . 2. So
.

S
, .... Suc Ho(x

.
mL). X Se.. Sn]

pi N

~ nWe ECY = B)pY
(1)

*
(m( - kx) - nE EgG-nbhd ↓ ↓i

for m

of E in Y pe X

↓
O

It (h lineea
lol-

M* Wm + n We

I



~ H'( Y,*
(mL) - E) = 0 -

>
positive

=> H'(Y,*
(m)- kx) - nE)#

Emil-E-ky- X
ikx + m-1) E

positive m 1

(2) Kodaina Vanishing theorem : Let X be cpt Kahler mufd. Lis positive line bundle
,

then

AfX
. Kx +) =0 for qx0 . nation formula :Ad

,

H9(x. 4 T= B(pY
↓

X

zehetn! I#xz1= z . V

U

(z2
. V) KX : local section

-

ky local section dz11dzz

dzz1dv

#
*

kx :
* (danda) =z R-1E + Ex = ky

Il

Vzz
(Ec=0) = - E

L- FEsh
,
( > 0

.

on X

Kx-FF(h) : Smoth (1) for
GMFFIL-EFChko on X

it
* (d) > 0 on YE

i
*

) )30 on Y

appe Or-
*

WF 0
. Er> 0(-1)

WFs =slig( ...)
M

I c, (0 (11)

X =21
w =

= j
* (fu(Xo(zi+-- )))

↓

(1-1) - form on Y #C
, CE - WE=0 on Egy ,Wel > O



#
*

Wm
+ nWE ElEr

EG/4 Wy > o

I
ELET Wasso

van eY)E8 Wy> o

Key Lemma (Bochner-Weitzenbock formula) : Let /X , w) a Kahler mufd

NoE a hotrophic rector bundle

-z = j+ 02
- E = MP . Hodge - decomposition

M = ME : = DE JE + JED
-

#=
+

3 +J * I
=* = -F(1 . 6] ( ? )

A" = ye* T +jj *

A = 1 + 11"

[1
. 5) = -#3

*

1)S
The prof is de same as und is

e decomposition.

[**, L] = -51
I Hodg

(2) A"= A + [EF
, n]

* DE L .

1 2
*

CX . AJEnd(El)) = as a Lie algebra

AB.
C

a CA
,
B) = (19 [B . A) a= deg(A) .

b= deg (B)

② HA
,
[B

.c) +[B. [c . A3] + El
*

(C .
[A . B7] = 0

Jacobi A" = [201
,

5
% / *

]

identity& #(70
.

- F(n . 5:07]
= --(n . <y++) + (000

,
(5% 13))



-
show H(X . ROC =0qo ·

positive

(2
, h) - FF(h)30

/In a kahlen form

(X . W) Kahler mufd

8 = WC
, J . ) volg = Wh *. L

.

1 respect to g

Let de2%X
. Atol) , = 0., xc)

IS

zent(2)DaBe As + SE . ]d = Ac

+ /(4
. 13 = -Ak-AW

= 19 + q . 9

Without the loss of generality ,

we may assume a is a I"- nahmacFoinula .

· = ) (,)
X

-> o -

= (.q
X

↑

((()"2 .

8 "a) + 1870
*

2 , 340x]w
K

=> c = 0 = H9/X
.

rQL) = 0



↑opt complex mmfd) E9Cpt.
Kahler mufd) ESCt Kahlermd/that

X = Mz(fi)
, f :: homogeneous polynomial I line bundle

ki = k
Kodaira

Snooth submfd XIII embedding
complex
f "1-1"

I as

inset port, Sersubmanfold
ofapI

X =(CPY , WES = C(0)
w = CFs)y =G()

. L
x

=> X is Kahler

admits a positive line bundle.

-

Hitchin-Kobayashi correspondence.

(Donddson - Uhlenback - You theorem /

Setting : Let (X, w) be a opt Kahler mufd

Let
*

- holomorphic rector bundle of rank o

X-> sady this space .E = 5 (E .
2

. 54hs)] < infinity many &
&

-

aTopological space
.

** 1·
Hausdorff

xo

jext)()



/ex

#
1

↓
clc" =X/* Hausdorff "Stable points"

"Stable" (E . h
.
jch)

Semi-

Def It is called slope Estable if Fort reflexive coherent subsheaf
seable

,

X
polystable .

= "E= E:
each Ei is seable

.

F-E
, slope MCF) = M(E)

1si = f

C FEE
. slope M(E) (UCE) .)

E : rank(E) = r

degree of E : degif (E)~

(=x)
CE

.
h . Ech

/curvature .

At (End(El)

Jerace of F(h) -> MF - A"(xi

stope McEl =

degie)
whxs = Strea volume

IRIE)vol(X)

FCE a reflexive coherent subsheef : ESEX a closed analytic subset

of codim
,

(5) 2
&

sub helo-vector bundle"

On XIS F is a rectorbundle of radit == r



Ex E'CE E" = E/e) quotient bundle .

I

↓ E(U) =E (U)#E" (0)
Sub-bundle

CE ,
h)

,
Jed +A (wrt. a but he framel

At =/ I Second fundamental form

-
70

-Ech = JF(+A&B-A -P*

F(hE))E Y F(hz)

t->

"stable" #
*

1. C 7 E'qE"
*

EGE/E
I

Expect E/El

a

Hitchin-Kobayashi correspondence .

-E is polystable"
of and only of

E admits a Hermitian-Einstein metric h

i.e. (tro F(h) = MIE) . Ide)



-underElliptic PDE"

-
Hitchin-Kobayashi correspondence (X . C) cpt Kather mufd

E

↓
rkizi = r E is polystable iff E admits a Hermitian-Einstein

X (Hermition Yang - Mills

holo vector bundle metric It i . e
.,
ernF(H) =

M - Id
connection = -

&

Chi)-

i . e
.

E= Ei A(End(El)
Kick Y stable

& E is Semisable)
Re reflexive coherent

Stable
subsheaf FCE E = 0 Ej & MIEz) = MIE)

ki= k
↑ IF) < MLE)

proof (Uhlenbeek - Yau)

"E"Jeasier (

" by "continuity method" to salve 22d-order elliptic IDE

Denote It as a Hermitian metric on E

H =. h
r= ogh To solveh that satisfies

/ :rel symmetric matrix" R(H) = truF(H) - MI = 0

reference
~ ↑ L(h)metric

& [0 . 1]
.

Lach) = 0 2 -> 0
.

I
% -

8+
-
⑫orLocks = L(h) Y Let U =3eCo

. 1) :

Laohasa
Lesh) : "Simpler" ,

we can find a solution u = P
U = 20 .1) <> W is open

and closed .

U is open (openness) apply "implicit function theorem"

to the "linearization of La"

Visclosed (closedness) byarion : estimates



IIU/lyx) is bounded => 1141
yo

= C141 whax * C

I
#contradiction argument ( ↓ Mullex = C ke

E is polystable
(h) 15441 wa) "

Hermitian-Einstein => E is polystable
Let FEE reflexive coherent subsheaf

-O

2HapFo
F

. Re(sub-bundle)

fx = X)s

*** *-"E = FE/"
(x)

I
1 F(H) > F(HF)
rk(H) rkSH)

H

MCE) =

- WE (1):-NFEI = MCT)[ N

un- 1

I rkSH)

X

=> E is "Semi-stable"

when
"

= "holds
,

H = )Fl
then E = FOG is an othegent decomposition
where F

. G are sub-brdles of E

=> M(F), M(G) =MCE) => MIF) = M(9) = M(E)

=> E=
stable



polystable => Hermition - Einstein &Ho
=

↳
+

Fix reference metric Ho .

H = Hoh D . 02 part of JHo
F(Hol-J(h

"
2
·
h(

i

K (H) = tra F(H)-MI
: /h+ 20h) as 2-form

Ge[0 . 1)
, Lach)=

in coordinate
Lah) = k(H) + &log , h)

= k(o) - tri(5th20h)) + sloghI -

Ih+ 20h) z Ndz .2

-

- Ch+
2

*

h) dz1dE
3)

-

Ellight
= - On sight = f tutcuition

surjective
(1) E = 1

,
E inital solution i

.
e

. Lych) = o has a solution

Let I' be a Hermittion metric
,

KCH')
.

Let Ho = H' · e
*H)

Then h = g -
k(H)

is a solution of Lych) =

0

↓ Lesh) = k(H) + 10gh =)
Hoh

= H·

Openness : "linearization" ex 1st- order variation Fix a frameSe .... erh
P

↑ a

Lemmal P(h) :=ple diagelized # h= 2 e exe
k = r

& pili = [qe
*exe + (Ple - plep) - Jaq epet

where Jea= dad
ep

In particular , pu =t

Sh . h = [0x20e +-eae

#h=x



=>() normalization
. Glog(detshi) = > Ohh"

,
1x = 0 (log(detch)= const)

I

ex+ -+r

" [hht),
we can computeiLath) = @ (lol - trulfiot) + slogh),

and do integration by parts.
Illoghl 18 h . h-1

ma . z

1stati.hi si1hl- SonyI I-
=> Pla : W:" 4 is subjective

Then by implicit function theorem
, we have openness in "week space"

-

↓ with the a priori estimate /20 ,
Ch-estimates) => "Openness" (

"Closedness" (a perior estimates)
↓

Let u = logh,
ei

,
ek Wh

< 8
.

6hh + > = [10xak+ 191(xa- xp)(1 - e
+ p -4) - 518xa
-> o Il

2 ="
< u.h = 0 (Exaloxal) - Eloxal sain

.

2) =12/2

&
= I On /Eak) = Ewpuit

Il

0 = <Lach) ,

> -

>U-Ewluk+Il

K (Ho) + tru (h
+ 2 h) + 2 . U

=> OnluR > 29(4)" - C(u) > - Clul
.

Co-estimate (Moser iteration) -141 Dc2Clu or

(depends 11411(2) ~
(p-1S1418-"Hin=

=>GoMEF = Cptln--((+/put
" ↓

Holder .



by sobolerequality :X= =

()/
*

)
*
=(+/Smy

(ix)
*

= (p+))(m) = x'(p++)(((
*

)
=> 11411
y

= (pt) 121
yet

start from P= 1

do iteration

=> Ing ( Ul
< d) = log (141() +- log(21) + 2 (gkx() +

2(21g(2x - x) +...

ill
ge

↓
-

+ ztnlog Ex*C) + ... ) XC1
. convergent

:

-2

=> Mulle = Cll Ull y

~estimates of 1
.E= hohh

I

Glogha Ohh

-E [10hh-1 + < logh ,
I >

Il all((x) = m

Cintegration by parts + estimates) => Idullwe = ((m)

=> 1411 yk.2 = C(m)

~~Testimate(higher order estimate (

11411gk = C (m . 1 Hollee) if met.

Assume 11411 = m uniformly : (iii
=> 141yk = G(m)

=> closedness together with openness => Loch) = o has a solution



Polystable => 1/2 = m uniformly for ge [0 , 1)

"Stable
-

By contradiction argument

Assume Ejd as j + + 0. 141lp > + c

2.
n = lgh = (** -xr)

,

191 ~]ixai Supsupx/
j=+4

normalization 1 lugh =0x=
>

↓ Supsup
j=+1

x1 + log( Ifof-

hj : = Pzh(j) hj = I
e

...
Xp+ log)j & Xa+ logfj = 0

e

Ihj/q = e uniformly

he
We

, bo for top >1

Il
EPE

je ... xi) fixe- Jete
osb-budde" E

E' = "where a=o" is a
holo "Sub-bundle" of E

↳ (Ohlenbak-Yan .

Sin)
E'cE

I

M(E) > MIE)
contraducts with E is stable

by "equation. "
=> 11411p is uniformly bounded

.

A


